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ABSTRACT
We briefly review the spin-bit formalism, describing the non-planar dynamics of the
N = 4, d = 4 Super Yang-Mills SU(N) gauge theory.
After considering its foundations, we apply such a formalism to the su(2) sector of purely
scalar operators. In particular, we report an algorithmic formulation of a deplanariz-
ing procedure for local operators in the planar gauge theory, used to obtain planarly-
consistent, testable conjectures for the higher-loop su(2) spin-bit Hamiltonians.
Finally, we outlook some possible developments and applications.
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1 Introduction
Large N physics [1] gained noticeable interest in the past few years (for a recent review
see e.g. [2]) due to the AdS/CFT conjecture enlightenment [3, 4] and, more recently, to
the consideration of various limits of this correspondence ([5]-[14]). Initially formulated
in the N → ∞ limit, the conjecture in its strong form extends to finite N . It relates
the strongly coupled regime of N = 4 SYM to the weakly coupled string theory and
viceversa. This property, which makes out of this correspondence a very strong and
efficient predictive tool, appeared to be an obstacle in proving the duality in itself.
Berenstein, Maldacena and Nastase studied in [5, 6] the correspondence in the neigh-
borood of null geodesics of AdS5 × S5, where the geometry appears to resemble that of
a gravitational wave [15]-[17]. On the CFT side this corresponds to focusing on SYM
operators with a largeR-charge. The possibility to find a solution of string theory [18, 19]
in such a background allows for a quantitative comparison with predictions coming from
1
perturbative SYM computations [20](see [21] for recent reviews on the BMN correspon-
dence and references). This led to an intensive study of the anomalous dimensions of
local gauge-invariant (g.i.) composite operators in N = 4, 4-dimensional (d = 4) Super
Yang–Mills (SYM) theory [22]. A real breakthrough was the discovery of the integrability
of the Hamiltonians governing anomalous dimensions in the planar limit N →∞ [23, 24].
Then, these results were extended to 2 and higher loops [25, 26]. Indeed, the dynamics in
the sector of single-trace bosonic operators of SYM can be mapped into that of the Heisen-
berg SO(6) spin one model, so that the matrix of planar one-loop anomalous dimensions
is identified with the spin chain Hamiltonian [23]. The Bethe Ansatz techniques used for
diagonalizing the Hamiltonian become then a powerful tool in determining anomalous
dimensions in the gauge theory. As it is now clear, there is a one-to-one correspondence
between single-trace operators in SYM theory and spin states in spin-chain models. The
improved understanding of SYM overshadowed, to some extent, the study of nonplanar
contributions. The latter has to correspond through AdS/CFT to considering the string
production on the AdS side. String bits [27] were proposed as a model which mimics this
feature out of (but not very far from) the BMN limit. Although the string bit model
yields a good tool for the computation of the relevant bosonic quantities, it is affected by
serious consistency problems related to the fermionic doubling [14, 28].
On the SYM side the exact one-loop dilation operator was derived in [22, 23, 29].
When non-planarity is taken into account, single and multi-trace operators get mixed.
This could still not be tested in the string dual picture. Waiting for a better understand-
ing of string physics on AdS space, one could hope to learn about string interactions
there by exploiting the dual gauge theory picture. This was the main motivation of the
work carried out by the LNF research group over the past two years. We studied the
corresponding spin system which mixes the integrable spin approach and the string bits
one. Such a theory can be called a spin bit model. Since it allows for dynamical splitting
and joining of chains and its variable content is given by spins, the spin bit model differs
from the spin chain and the string bit ones, although it can be considered as a mixture
of them. In particular, there is no fermion doubling, and supersymmetry in the spin bit
model is consistently implemented.
At N →∞ the spin Hamiltonian is a local and integrable operator. The Hamiltonian
and the total spin generator represent the first two charges, in the tower of commuting
ones, predicted by integrability [29]. Higher charges are given in terms of higher powers
of next-to-nearest spin generators summed up over the chain. Corrections in 1
N
spoil
locality and integrability. The Hamiltonian and its higher spin analogs, which can be
interpreted as broken symmetries of the would-be integrable system, can still be defined
in terms of powers of spin generators. However, now there is no more restriction to next-
to-nearest interactions and the corresponding charges are no longer commuting among
themselves. The role of these broken charges in the theory near the “integrable” point
2
N →∞ remains to be understood.
If the non-planar contributions are considered, the single-trace sector is not conserved
anymore, and one ends up with trace splitting and joining in the operator mixing [30].
Even in this case one can still consider a one-to-one map, the so-called spin-bit map,
between local g.i. operators and a spin system [31, 32]. In this case one has to introduce
a set of new degrees of freedom, beyond the spin states, which describes the linking
structure of the sites in the spin-chain. This can be encoded in a new field, taking values
in the spin-bits permutation group and introducing a new gauge degree of freedom [32].
In this paper we use conventions and notations of [31, 32, 33].
2 The N = 4, d = 4 SYM SU(N) gauge theory
In the following we will consider a particular quantum field theory, namely theN=4,d = 4
SYM SU(N) gauge theory. Such a theory has the noteworthy property to be conformally-
invariant, due to the vanishing of its beta function (see e.g. [34]). It has the following
field content:
Fµν gauge field strength, µ, ν = 0, 1, 2, 3;
φi real scalars, i = 1, ..., 6 (vector repr. of SO(6));
λAα , λA ·α gauginos, A = 1, ...,N = 4, α,
·
α = 1, 2.
(2.1)
All the fields take value in the adjoint representation (repr.) of the gauge group SU(N),
i.e. for example φi = φiaT
a, where T a (a = 1, ..., N2 − 1) are the generators of SU(N)
in the adjoint. The scalars also span the vector repr. of SO(6), which is the maximal
compact bosonic subgroup of the whole N = 4 supergroup SU(2, 2 | 4); moreover, the
underlying algebra so(6) ∼ su(4) is the automorphism, or R-symmetry, algebra of the
whole N = 4, d = 4 superconformal algebra (SCA) psu(2, 2 | 4). In the following we will
use a compact notation for the SU(N)-gauge covariant derivatives of the fields, namely
(s ∈ N ∪ {0})
∇sφ ≡ ∇µ1µ2...µsφ
i,
∇sλ ≡ ∇µ1µ2...µsλ
A
α , (2.2)
and so on. All the elementary fields, as well their derivatives, can be obtained by acting
with generators of the N = 4 SCA on the “primary” fields φi.
By adopting a convenient “philological” nomenclature, we may say that the N =
4, d = 4 SYM “alphabet” is composed by the set of “letters”
WA ≡
{
∇sF,∇sφ,∇sλ,∇sλ
}
. (2.3)
3
The components ofWA transform in the so-called “singleton” (infinite-dimensional) repr.
VF of the N = 4 SCA. Out of the “letters” WA one can build SU(N) g.i. “words”, i.e.
single-trace composite operators given by traces (in the adjoint of SU(N)) of a sequence
of “letters” WA’s. Examples are given by
Oi1i2...in ≡ Tr (φi1φi2...φin) ;
Oi1i2...im+1
α
·
α
≡ Tr(φi1φi2 ...φim∇µ1...µnφ
im+1
∇µ1...µn−2λAα∇
µn−1µnλ
A
·
α
)
(2.4)
with
∇µ = ηµν∇ν , (2.5)
where ηµν is the 4-dim. Minkowski metric. Moreover, out of “words” one can produce
“sentences”, which are sequences of “words”, i.e. products of single-trace composite
operators, given by products of traces (in the adjoint of SU(N)) of sequences of “letters”.
Some examples are
Oi1i2...in1j1j2...jn2 ≡ Tr (φi1φi2 ...φin1 )Tr (φj1φj2...φjn2 ) ;
O
i1...in2ν
·
α
·
β
≡ Tr
(
∇µ1...µn1φ
i1...φin2
)
·
· Tr
(
∇µ1...µn1−1λ
A
·
α
)
Tr
(
λA·
β
F µn1ν
)
.
(2.6)
The length of a “word” or “sentence” in N = 4 SYM is defined as the number of “letters”
WA’s composing the considered trace structure.
Summarizing, the above introduced “words” and “sentences” correspond to (possi-
bly multitrace) SU(N) g.i. polynomial composite operators in N = 4, d = 4 SYM.
As we will see further below, the spin-bit map gives an one-to-one spin description of
such (multi)trace structures, and thus allows one to perturbatively calculate the non-
planar (N <∞) anomalous dimensions in (certain sectors of) the considered conformally-
invariant gauge theory.
3 The spin-bit model
A generic M-trace g.i. polynomial composite operator of length L will have the general
form
O ≡ Tr
(
WA1 ...WAL1
)
Tr
(
WAL1+1...WAL1+L2
)
...
...T r
(
WAL−LM+1...WAL
)
. (3.1)
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Let us now consider an element of the permutation group SL (of rank L!) of L elements,
namely
γ ≡ (γ1γ2...γL) :
(
a1 a2 ... aL
aγ1 aγ2 ... aγL
)
, (3.2)
or equivalently
SL ∋ γ = (L1) (L2) ... (LM ) :
M∑
r=1
Lr = L, (3.3)
where SLr ∋ (Lr) is a cyclic permutation of Lr elements (r = 1, ...,M). Actually, Eq.
(3.3) has a deeper meaning, because in general SL is split in equivalence classes (labelled
by L1, L2...Lk such that
∑k
r=1Lr = L) of permutations consisting of cycles of respective
lengths. By reducing to (products of the) minimal, non-trivial permutational “bricks”,
that is to (products of the) pair-site permutations σkl, (k, l) ∈ {1, ..., L}
2 (which simply
exchange the k-th and l-th elements), the decomposition expressed by Eq. (3.3) leads to
(planar and) non-planar (pair-site) permutational identities, extensively treated in [35].
Thus, by suitably choosing γ, the operator O may be rewritten as
O = (WA1)
a1aγ1 (WA2)
a2aγ2 ... (WAL)
aLaγL , (3.4)
where the matrix structure (with values in the adjoint repr. of SU(N)) of the “letters”
WA’s is manifest (by convention the first upper index is a row index, whereas the second
is a column one).
As it may be easily seen, the fundamental features we have to take into account are
the length L of the operator, the number M of traces, and the “linking” configuration
expressed by γ. By thinking each “letter” as sitting on a distinct spin-chain site, we may
therefore write the following equivalence relation (which we will extensively comment in
the following)
O ≡ |A1, ..., AL; γ〉 , (3.5)
where Ak is the direction in VF determined by the “letter” WAk , i.e. the direction of
the spin state at the k-th spin-chain site. The r.h.s. of Eq. (3.5) represents a state in
the Hilbert space of a spin-chain model, but with an explicit extra degree of freedom
(represented by γ), properly describing the structure of the interconnections among spin-
chain sites: such an “improved” spin-chain model will be called “spin-bit” model. Due
to the separating action of the semicolon in Eq. (3.5), the spin-bit Hilbert space Hsb
naturally gets divided in an usual spin-part Hsc (the usual spin-chain Hilbert space) and
in a so-called “linking” part. As we will see later, this latter will allow one to correctly
take into account also the non-planar contributions to anomalous dimensions. Eq. (3.5)
defines the so-called spin-bit map in N = 4, d = 4 SYM, whose isomorphicity we are
going to discuss.
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3.1 Spin part of Hsb: the spin-chain picture
As previously mentioned, the spin part of the “improved” spin-chain state, i.e. of the
spin-bit state, is given by
Hsc ∋ |A1, ..., AL〉 = |S1, ..., SL〉 = |S1〉 ⊗ ...⊗ |SL〉 . (3.1.1)
As it is well known, the spin-chain Hilbert space Hsc is the tensor product of the one-spin
(or, equivalently, one-site) Hilbert spaces Hk’s. Consequently, as shown by Eq. (3.1.1), a
generic spin-chain state is given by the tensor product of the one-spin states at each spin-
chain site. Hk is given by the representation space of the considered symmetry (which
in the case at hand will be described by a subalgebra of psu(2, 2 | 4)) at the k-th site.
Indeed, Ak ≡ Sk is the direction in Hk determined by the symmetry of the N = 4, d = 4
SYM “letter” WAk in VF
Hsc = H1 ⊗H2 ⊗ ...⊗HL = (VF )1 ⊗ (VF )2 ⊗ ...⊗ (VF )L ,
(3.1.2)
where (VF )k stands for the “singleton” representation space of the (relevant subalgebra
of the) SCA psu(2, 2 | 4) at the k-th site.
In the following treatment we will assume that the same representation of the same
symmetry algebra will hold at each spin-chain site. With such an assumption we get
Hsc = (VF )
L , (3.1.3)
where VF is the “singleton” repr. space of the (relevant subalgebra of the) SCA psu(2, 2 |
4), which will determine the symmetry of the spin-chain model.
In N = 4, d = 4 SYM theory, the most general symmetry is given by the whole SCA
psu(2, 2 | 4), implying that the dimension of the one-spin Hilbert space Hk is the same
for every spin-chain site, and it is infinite, because dim (VF ) =∞
dim (Hsc) = dim
(
(VF )
L
)
=∞L. (3.1.4)
The situation changes if compact symmetries (having finite-dimensional unitary represen-
tations) are considered (an example is the su(2) sector which will be extensively treated
later). Also the possibilities to have non-ultralocalizations and/or different representa-
tions of symmetries from site to site along the chain could be taken into account, but
here we will not deal with such cases (however, see e.g. [36]).
Of course, Hk can be endowed with a consistent scalar product 〈· | ·〉. Consequently,
by choosing an orthonormal basis {eα} (with α ranging in a numerable set)
〈eα | eβ〉 = δαβ , (3.1.5)
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we get
Sk = S
α
k eα, (3.1.6)
denoting the decomposition of the spin vector Sk along the orthonormal basis {eα} of the
“singleton” repr. space VF of the N = 4 SCA psu(2, 2 | 4) at the spin-chain site labelled
by k. Therefore, we may rewrite Eq. (3.1.1) as follows:
|A1, ..., AL〉 = S
α1
1 ...S
αL
L |eα1〉 ⊗ ...⊗ |eαL〉 =
=
L∏
k=1
⊗Sαkk |eαk〉 ≡ |S〉 ∈ Hsc. (3.1.7)
3.2 The “linking” part and the permutational redundance in
Hsb
On the other hand, by considering only the “linking” part of the spin-bit state, we obtain
|γ〉 ∈ ζL, (3.2.1)
where ζL is nothing but the representation space of the permutation group SL. It may be
considered a metrizable space, too, and consequently it may be endowed with a consistent
scalar product 〈γ | γ′〉 = δγγ′ .
Thus, it would seem reasonable to define the whole Hilbert space of the spin-bit model
Hsb as the tensor product of the spin part Hsc (given by Eq. (3.1.7)) and of the “linking”
part ζL (given by Eq. (3.2.1))
|A1, ..., AL; γ〉 ≡ |A1, ..., AL〉 ⊗ |γ〉 ∈ Hsc ⊗ ζL. (3.2.2)
But, by simply doing a tensor product, we would then over-estimate the spin-bit Hilbert
spaceHsb. Indeed, an extra symmetry exists, given by the action of SL on the direct tensor
product Hsc ⊗ ζL and determining the following equivalence relation of “permutational
conjugation”1
|A1, ..., AL; γ〉 ∼ |Aσ1 , ..., AσL ; σ · γ · σ
−1〉 ,
∀ (γ, σ) ∈ (SL)
2 ;
(3.2.3)
in particular, for σ = γ we obtain the property of cyclicity of the trace:
|A1, ..., AL; γ〉 ∼ |Aγ1 , ..., AγL ; γ〉 , ∀γ ∈ SL. (3.2.4)
1Here and below products in SL are understood as
γ · σ ≡ γσ = γ · (σ1, ..., σL) = (σγ1 , ..., σγL) .
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Otherwise speaking, we may define the representation of the action of the permuta-
tional symmetry group SL on the factorized Hilbert space Hsc ⊗ ζL with the operator
Σ̂σ (|A1, ..., AL〉 ⊗ |γ〉) ≡ |Aσ1 , ..., AσL〉 ⊗
∣∣σ · γ · σ−1〉 .
(3.2.5)
Actually, the action of Σ̂σ corresponds to nothing but an SL-covariant relabelling of the
spin-chain site indices. It is a symmetry of the spin-bit model, in the sense that it can be
easily checked that the r.h.s.’s of Eqs. (3.2.2) and (3.2.5) describe the same (multi)trace
polynomial composite g.i. operator of length L.
It should also be noticed that, due its very definition, the operator Σ̂σ may be naturally
decomposed as the direct product of two independent operators, acting on distinct spaces
(∀σ ∈ SL)
Σ̂σ = Uσ ⊗ Σ˜σ, (3.2.6)
with the definitions
Uσ |A1, ..., AL〉 ≡
≡ (P1,σ1 ⊗ P2,σ2 ⊗ ...⊗ PL,σL) |A1, ..., AL〉 =
= |Aσ1 , ..., AσL〉 ,
(3.2.7)
where Pk,l ≡ Pkl is the pair-site index permutation operator, acting in the spin-chain
Hilbert space Hsc as follows (upperscripts denote the site positions):
Pkl
∣∣∣∣A1, ..., kAk, ..., lAl, ..., AL
〉
≡
≡
∣∣∣∣A1, ..., lAk, ..., kAl, ..., AL
〉
=
=
∣∣∣∣A1, ..., kAl, ..., lAk, ..., AL
〉
,
(3.2.8)
and
Σ˜σ |γ〉 ≡
∣∣σ · γ · σ−1〉 . (3.2.9)
Thus, in order to make the spin-bit map a one-to one (i.e. isomorphic) map, we have
to quotient by this extra symmetry SL, obtaining the following rigorous definition of
(state in the) spin-bit Hilbert space:
Hsb ≡
{
(VF )
L ⊗ ζL
}
/SL ∋ |A1, ..., AL; γ〉 ≡
≡ {|A1, ..., AL〉 ⊗ |γ〉} /SL ≡ |A1, ..., AL〉 ⊗SL |γ〉 ,
(3.2.10)
where ⊗SLstands for the direct tensor product, modulo the action of SL represented by
Σ̂σ.
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Therefore, given an arbitrary factorized basis element |A1, ..., AL〉⊗⊗ |γ〉, one can find
the corresponding element of the quotient space
{
(VF )
L ⊗ ζL
}
/SL, i.e. the corresponding
state in the spin-bit Hilbert space Hsb, by “averaging” with respect to the action of SL
|A1, ..., AL〉 ⊗SL |γ〉 ≡ |A1, ..., AL; γ〉 ≡
≡ 1
|SL|
∑
σ∈SL
Σ̂σ (|A1, ..., AL〉 ⊗ |γ〉) =
= 1
|SL|
∑
σ∈SL
(|Aσ1 , ..., AσL〉 ⊗ |σ · γ · σ
−1〉) ≡
≡ Π̂ (|A1, ..., AL〉 ⊗ |γ〉) ,
(3.2.11)
where Π̂ is the cyclic symmetry operator, defined as
Π̂ ≡
1
|SL|
∑
σ∈SL
Σ̂σ =
1
|SL|
∑
σ∈SL
(
Uσ ⊗ Σ˜σ
)
, (3.2.12)
and |SL| = L! is the rank of SL.
From Eqs. (3.2.7), (3.2.9) and (3.2.12), it is not hard to check that Π̂ is actually a
projective operator (
Π̂
)2
= Π̂, (3.2.13)
and that it commutes with permutationally-invariant operators. Therefore the state
|A1, ..., AL; γ〉, defined by Eq. (3.2.10), is SL-invariant, as it has to be in order to cor-
rectly estimate the spin-bit Hilbert space Hsb, and therefore to make the spin-bit map an
isomorphic one.
At 1 loop in SYM perturbation theory, it can be also explicitly shown that the “extra”
symmetry SL of Hsb is nothing but a “gauge” symmetry, in the sense that the spin-bit
model may be seen as arising from the corresponding spin-chain model by “gauging” with
respect to the permutational symmetry SL [32], where, as previously mentioned, L is the
length of the considered operator, i.e. the total number of spin-chain sites, and also the
total length of the spin-chain (if unit distance between neighboring sites is assumed).
3.3 Canonical reduction of SL
By recalling Eq. (3.3), a generic element γ ∈ SL may be decomposed (uniquely, up to
some possible pair-site permutational identities [35]) as follows:
SL ∋ γ = (L1) (L2) ... (LM ) :
M∑
r=1
Lr = L, M 6 L, (3.3.1)
where (Lr) is a cyclic permutation of Lr elements (r = 1, ...,M). Due to the “extra”
symmetry SL determining the equivalence relation (3.2.3), by choosing σ ∈ SL (in a
suitable way, depending on the starting element γ ∈ SL) it is always possible to reduce
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γ to its canonical form, i.e. to the form where each spin-chain site index is sent to the
immediate next one modulo cyclicity
γ = (L1) (L2) ... (LM )
↓
(∼)
γ = σ · γ · σ−1 = σ (L1) (L2) ... (LM)σ
−1 :
kr 7−→ [kr + 1] ≡ kr + 1, mod. Lr, (3.3.2)
where kr is a spin-chain site index running inside the r-th trace.
Even though in what follows we will not restrict ourselves to consider (only) the canon-
ical form of the permutations, one should bear in mind that the SL-covariant relabelling
of site indices corresponding to the permutational conjugation given by Eq. (3.2.3) de-
termines an equivalence relation which makes the switching to canonical permutational
forms not implying any loss of generality.
4 The dilatation operator in N = 4, d = 4 SYM
The anomalous dimensions of g.i. operators in the conformally-invariant N = 4, d = 4
SYM gauge theory are given by the action of the dilatation operator ∆.
In perturbation theory, it may be written as
∆ (gYM) =
∞∑
n=0
H2nλ
n, (4.1)
where gYM is the Yang-Mills coupling constant, and
λ = λ (gYM) ≡
g2YMN
16pi
(4.2)
is the ’t Hooft coupling. H2n is the n-loop effective vertex, determined by an explicit evalu-
ation of the divergencies of the n-loop, 2-point function Feynman amplitudes 〈O(0)O(x)〉
in N = 4, d = 4 SYM.
The first few effective vertices read [22]
n = 0 (tree level): H0 = ∆0ATr
(
WAWˇ
A
)
; (4.3)
n = 1 (1-loop level):
H2 = −
2
N
∑∞
j=0 h(j) (Pj)
AB
CD : Tr
[
WA, Wˇ
C
] [
WB, Wˇ
D
]
:,
(4.4)
where (
WˇA
)
ab
≡
∂
∂ (WA)
ba
(4.5)
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is the “letter” operatorial derivative in N = 4, d = 4 SYM, such that(
WˇA
)
ab
(WA)
bc = δca, (4.6)
and :: denotes the “normal-ordering” of the operators inside, namely the fact that the
derivatives
(
WˇA
)
ab
never act on the “letters” from the same group inside the colons.
Moreover, ∆0A stands for the classical (bare) dimension of the “letter” WA. For the
elementary fields previously mentioned, it is ∆0 = 1 for each scalar field φ
i and each
(SU(N)-covariant) derivative, ∆0 =
3
2
for the gauginos and ∆0 = 2 for the gauge field
strength.
(Pj)
AB
CD is the (rank 4) psu(2, 2 | 4) projector to the irreducible module Vj in the
expansion of the tensor product of two ∞-dim. “singleton” VF representations of the
N = 4, d = 4 SCA psu(2, 2 | 4)
VF ⊗ VF =
∞∑
j=0
Vj . (4.7)
In general, the first modules V0, V1and V2 contain the symmetric, antisymmetric and trace
components in the tensor product of two SYM scalars and their superpartners. Higher
modules Vj, j > 3, contain spin (j − 2) currents and their superpartners. Finally, h(j) is
the j-th harmonic number, defined as
h(j) ≡
j∑
s=1
1
s
, h(0) ≡ 0. (4.8)
5 The spin-bit Hamiltonian at 1 loop
In general, by applying the isomorphic spin-bit map to the dilatation operator of N =
4, d = 4 SYM SU(N) gauge theory, we obtain an operator acting on the spin-bit Hilbert
space Hsb. Such an operator may be identified with the spin-bit Hamiltonian; as we will
see, it yields a “deplanarized” form of the related spin-chain Hamiltonian, in the sense
that it perfectly reproduces the known results from the theory of spin-chains in the planar
limit N →∞.
Since on the SYM side the dilatation operator is perturbatively known, we will cor-
respondingly obtain a perturbatively expanded expression of the spin-bit Hamiltonian.
At tree level, we trivially get (see Eqs. (4.1) and (4.3))
∆n=0 = H0 = ∆0ATr
(
WAWˇ
A
)
; (5.1)
by applying the spin-bit map, i.e. by applying H0 on a generic spin-bit state, we get that
the tree-level spin-bit Hamiltonian H0,sb is simply proportional to the identity, namely:
H0,sb = ∆01, (5.2)
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where, as previously mentioned, ∆0 is the total classical dimension of the SU(N)-g.i.
N = 4 SYM (composite) operator uniquely associated to the considered spin-bit state.
Let us now consider n = 1, i.e. the 1-loop contribution to ∆; from Eqs. (4.1), (4.2)
and (4.4) we obtain
∆n=1 =
= −
g2
YM
8pi2
∑∞
j=0 h(j) (Pj)
AB
CD
: Tr
[
WA, Wˇ
C
] [
WB, Wˇ
D
]
:;
(5.3)
in order to obtain the 1-loop spin-bit Hamiltonian, we simply have to apply the 1-loop
N = 4 SYM effective vertex H2 (given by Eq. (4.4)) to a generic spin-bit state
H2 |A1, ..., AL; γ〉 . (5.4)
In such a way we will map (by means of the spin-bit isomorphic correspondence) H2
to the 1-loop spin-bit Hamiltonian H2,sb. Clearly, since H2 is a second-order differential
operator (it contains two operatorial derivatives), the Leibnitz rule will decompose the
result in a sum over all possible couples of spin-chain sites:
H2 |A1, ..., AL; γ〉 =
= − 2
N
∑∞
j=0 h(j) (Pj)
AB
CD
: Tr
[
WA, Wˇ
C
] [
WB, Wˇ
D
]
: |A1, ..., AL; γ〉 =
=
∑L
k,l=1H2,kl
∣∣∣∣A1, ..., kAk, ..., lAl, ..., AL; γ
〉
,
(5.5)
where H2,kl is nothing but the restriction of the 1-loop effective vertex to the couple of
sites (k, l) ∈ {1, ..., L}2, and it will be later identified, by the spin-bit map, with the
two-site 1-loop spin-bit Hamiltonian.
A number of technical, permutational results are used in the explicit calculations;
they respectively read:
Fission formula : Tr
(
AWˇCBWD
)
= δCDTr (A) Tr(B);
(5.6)
Fusion formula : Tr
(
AWˇC
)
Tr (WDB) = δ
C
DTr (AB) ,
(5.7)
where A and B are supposed not to depend on W ’s. An useful property (holding true
for any permutation γ and for any pair-site permutation σkl in SL) is
σklγ = γσγkγl ; (5.8)
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by using it, Eq. (3.2.3) yields∣∣∣∣A1, ..., kB, ..., lA, ..., AL; γσkl
〉
=
=
∣∣∣∣A1, ..., kA, ..., lB, ..., AL; γσγkγl
〉 (5.9)
or, in terms of operators
PklΣkl = Σγkγl, (5.10)
where Pkl is the (k, l)-site permutation operator acting on Hsc defined by Eq. (3.2.8),
and Σk,l ≡ Σkl is the (1-loop) chain “splitting and joining” (or “twist”) operator, acting
on ζL, and defined as
Σkl |γ〉 ≡
{
|γσkl〉 , k 6= l
N |γ〉 , k = l
, (5.11)
or equivalently
Σkl = Nδkl + (1− δkl) Σkl, with Σkl |γ〉 = |γσkl〉 . (5.12)
The factor N in the case k = l appears because splitting and joining a trace/chain at the
same site leads to a new chain of length zero, whose corresponding trace is Tr (1) = N ,
because 1 stands for the identity in the adjoint repr. of the gauge group SU(N).
The final result is the 1-loop spin-bit Hamiltonian
H2,sb =
1
2N
L∑
k,l=1
(k 6=l)
Hkl (Σγkl + Σkγl − Σkl − Σγkγl) (5.13)
or, using the canonical form of the permutation γ ∈ SL,
H2,sb =
= 1
2N
∑L
k,l=1
(k 6=l)
Hkl
(
Σ[k+1],l + Σk,[l+1] − Σk,l − Σ[k+1],[l+1]
)
,
(5.14)
where Hk,l ≡ Hkl ≡ Hkl,sb is the two-site Hamiltonian, acting on Hsc, and defined as
follows (k 6= l):
Hkl |A1, ..., AL〉 ≡
≡ 4
∑∞
j=0 h(j) (Pj)
AB
AkAl
∣∣∣∣A1, ..., kA, ..., lB, ..., AL
〉
.
(5.15)
Notice that Pkl and Hkl act on Hsc, whereas Σkl acts on ζL, and therefore
[Pkl,Σmn] = 0 = [Hkl,Σmn] , ∀ (k, l,m, n) ∈ {1, ..., L}
4 .
(5.16)
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By comparing Eq. (5.5) with Eqs. (5.13) and (5.14), and by disregarding the degenerate
case of coinciding sites k = l (this can be shown not implying any loss of generality), we
may conclude that
H2
∣∣∣∣A1, ..., kAk, ..., lAl, ..., AL; γ
〉
=
=
∑L
k,l=1
(k 6=l)
H2,kl
∣∣∣∣A1, ..., kAk, ..., lAl, ..., AL; γ
〉
=
= 1
2N
∑L
k,l=1
(k 6=l)
Hkl (Σγkl + Σkγl − Σkl − Σγkγl)
∣∣∣∣A1, ..., kAk, ..., lAl, ..., AL; γ
〉
⇔
⇔ H2,kl (γ) ≡ H2,kl =
= 1
2N
Hkl (Σγkl + Σkγl − Σkl − Σγkγl) ,
∀ (k, l) ∈ {1, ..., L}2 , k 6= l,
(5.17)
where, as previously mentioned, H2,kl is the (γ-dependent) restriction of the 1-loop spin-
bit Hamiltonian to the couple of sites (k, l) ∈ {1, ..., L}2, k 6= l.
5.1 The planar limit
From Eq. (5.12), the planar limit N → ∞ affects just the (1-loop) “twist” operator in
the following way:
lim
N→∞
1
N
Σkl = δkl. (5.1.1)
Therefore the planar contributions to the 1-loop spin-bit Hamiltonian come from terms
involving Σkk, i.e. from the cases l = γk and k = γl (because k 6= l); the final result is
lim
N→∞
H2,sb =
L∑
k=1
Hkγk =
L∑
k=1
Hk,[k+1] = H2,sc. (5.1.2)
Otherwise speaking, by construction the planar limit of the 1-loop spin-bit Hamiltonian
coincides with the 1-loop spin-chain Hamiltonian H2,sc.
6 Spin-bits in the su(2) sector of N = 4 SYM
We will now consider the “minimal” sector of N = 4, d = 4 SYM SU(N) gauge theory,
made by “purely-scalar” g.i. (polynomial) operators, i.e. by operators generated only by
14
two holomorphic combinations of the real SYM scalars, which may be defined as

Φ ≡ φ5 + iφ6,
Z ≡ φ1 + iφ2.
(6.1)
Thus, Φ and Z will be the only SYM “letters” used to compose “words” and “sentences”
in such an operator sector, which may be shown to be closed under the operator mixing
due to perturbative renormalization of the theory. Φ and Z will transform in the 2-
dim. s = 1/2 fundamental repr. of su(2), and therefore the whole sector will be su(2)-
symmetric. Notice that su(2) is the smallest non-trivial bosonic compact subalgebra of
the whole N = 4 SCA psu(2, 2 | 4), and the following chain of inclusions holds:
su(2) ⊂ so(6) ∼ su(4) ⊂ so(4, 2)⊕ su(4) ⊂ psu(2, 2 | 4).
(6.2)
A generic M (6 L)-trace g.i. operator in such a su(2) closed subsector reads
O ≡ Tr (ΦZΦΦ...)
L1 “letters”
Tr (ΦΦΦZ...)
L2 “letters”
...T r (ΦZZΦZ...) ,
LM “letters”
(6.3)
with
∑M
r=1 Lr = L.
As previously shown, we may use the isomorphic spin-bit map to equivalently repre-
sent O as
O = (φi1)
a1aγ1 (φi2)
a2aγ2 ... (φiL)
aLaγL ≡
≡ |S; γ〉 ≡ |S〉 ⊗SL |γ〉 ,
(6.4)
where now the range of all “i-indices” of the scalars is
{
1̂, 2̂
}
, with φ1̂ ≡ Φ and φ2̂ ≡ Z
by convention. In the case of Eq. (6.3) we have
SL ∋ γ = (L1) (L2) ... (LM) , (6.5)
with (Lr) denoting a cyclic permutation of Lr elements, r = 1, ...,M 6 L. The corre-
spondence operated by the spin-bit map is completed by associating to each spin-chain
site the spin value |−1/2〉 if we find Φ there, and |1/2〉 if we find Z.
By specializing the general expression (5.15) of the two-site Hamiltonian to the case
of 2-dim. s = 1/2 (representation of) su(2) symmetry, the final result is simply [22]
Hkl,su(2) = 2 (1− Pkl) , (6.6)
and therefore, by substituting it in the general formulae (5.13) and (5.14), we obtain the
1-loop su(2) spin-bit Hamiltonian H2,sb,su(2) ≡ H2,su(2)
H2,su(2) =
1
2N
L∑
k,l=1
Hkl,su(2) (Σγkl + Σkγl − Σkl − Σγkγl) =
=
2
N
L∑
k,l=1
(1− Pkl)Σkγl . (6.7)
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In the planar limit, by recalling Eq. (5.1.1) we get
limN→∞H2,su(2) = 2
∑L
k,l=1 (1− Pkl) limN→∞
1
N
Σkγl =
= 2
∑L
k,l=1 (1− Pkl)
limN→∞
1
N
[
Nδkγl + (1− δkγl) Σkγl
]
=
= 2
∑L
k=1 (1− Pkγk) =
∑L
k=1Hkγk,su(2) =
= H2,sc,su(2).
(6.8)
In other words, the planar limit of the 1-loop su(2) spin-bit Hamiltonian coincides with
the integrable XXXs=1/2 Heisenberg su(2) spin-chain Hamiltonian H2,sc,su(2) [37].
The expression (6.7) of H2,su(2) might also be obtained by starting from the known
combinatorial formula of the 1-loop N = 4, d = 4 SYM effective vertex on the su(2)-
symmetric closed subsector of “purely scalar” composite (polynomial) g.i. operators,
reading [29]
H2 = −
4
N
: Tr
(
[Φ, Z]
[
Φˇ, Zˇ
])
:, (6.9)
where 

(
Φˇ
)ab
≡ ∂
∂Φba
,
(
Zˇ
)ab
≡ ∂
∂Zba
.
(6.10)
7 su(2) spin-bits at 2 loops
The su(2) sector of N = 4, d = 4 SYM is the only one, as far as we know, for which
a detailed treatment of non-planar (N < ∞) 2-loop anomalous dimensions has been
given. This is due to the noteworthy fact that a combinatorial formula of the 2-loop
N = 4, d = 4 SYM effective vertex on the su(2)-symmetric closed subsector of “purely
scalar” composite (polynomial) g.i. operators is known [29]:
H4 =
2
N2


: Tr
(
[Z,Φ]
[
Zˇ,
[
Z,
[
Zˇ, Φˇ
]]])
: +
+ : Tr
(
[Z,Φ]
[
Φˇ,
[
Φ,
[
Zˇ, Φˇ
]]])
: +
+2N : Tr
(
[Φ, Z]
[
Φˇ, Zˇ
])
:

 .
(7.1)
By applying such a combinatorial formula on a generic su(2)-symmetric N = 4 SYM
operator/spin-bit state |S; γ〉, we obtain, after some permutational algebra and technical
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tricks, the following expression for the 2-loop su(2) spin-bit Hamiltonian H4,sb,su(2) ≡
H4,su(2) :
H4,su(2) =
2
N2
L∑
k,l,m=1
(2Plm + 2Pkl − Pkm − 3)Σklm (γ) , (7.2)
where Σklm (γ) is the (su(2)) 2-loop “twist” operator, acting on ζL, and defined as
Σklm (γ) ≡ ΣkγlΣlγm . (7.3)
7.1 The planar limit
From Eq. (5.12), the planar limit N →∞ affects just Σklm (γ) in the following way:
lim
N→∞
1
N2
Σklm (γ) = δkγlδlγm . (7.1.1)
Therefore, we obtain
limN→∞H4,su(2) = 2
∑L
k=1
(
4Pkγk − Pkγ2k − 3
)
=
= 2
∑L
k=1
(
4Pk,[k+1] − Pk,[k+2] − 3
)
= H4,sc,su(2).
(7.1.2)
Otherwise speaking, by construction the planar limit of the 2-loop su(2) spin-bit Hamil-
tonian coincides with the integrable su(2) spin-chain Hamiltonian H4,sc,su(2), which in
turn corresponds to an integrable (higher-order) deformation of the previously mentioned
XXXs=1/2 Heisenberg su(2) spin-chain Hamiltonian H2,sc,su(2) [26, 29, 38].
8 su(2) spin-bits beyond 2 loops
8.1 The “deplanarizing operator lifts” (d.o.l.) method
su(2)-symmetric spin-chain Hamiltonians are known explicitly up to (and including) 5
loops [26, 29]. Unfortunately, combinatorial formulae for the SYM effective vertices in
the su(2) sector are not known beyond 2 loops, and therefore higher-loop su(2) spin-bit
Hamiltonians are not directly obtainable as in the cases of 1 and 2 loops. Thus, other
approaches have to be pursued in order to derive them. After the failure of the elegant
and geometrically meaningful “spin-edge differences” Ansa¨tze [35], the only planarly-
consistent, fully testable set of conjectures for the higher-loop su(2) spin-bit Hamiltonians
are those obtained by applying the recently proposed [35, 39] “deplanarizing operator
lifts” (“d.o.l.”) method, eventually with the additional hypothesis of “symmetrization of
deplanarizing operator splittings” (hp. “s.d.o.s.”).
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In the following we will present such a deplanarizing approach in a sketchy, algorithmic
way, addressing the interested reader to the original literature for further elucidations.
The d.o.l. algorithm may be realized through the following steps:
1) we have to start from the known planar results for the Hamiltonian. Since the non-
planar 1- and 2-loop orders are already known and have been previously treated, we have
to consider the 3-, 4- and 5-loop expressions of the planar su(2) spin-chain Hamiltonian
[26, 29](input of the deplanarizing algorithm);
2) then, we have to perform the (non-reductive) conventional site-index identifications
l = k + 1, m = k + 2, ...; (8.1.1)
3) therefore, we have to consider all possible products of operators P ’s that, in the
planar limit, would give the considered planar permutational term; this will determine
some proper “deplanarizing operator lifts”. All such non-planar permutational terms will
come with free (real) coefficients, constrained by two requests:
3.i) their algebraic sum must give the right numerical known coefficient of the con-
sidered planar permutational term;
3.ii) they must make the spin part of the non-planar Hamiltonian completely sym-
metric under the particular, inverting exchange of site indices
(k, l, ..., r, s)↔ (s, r, ..., l, k) , (8.1.2)
as requested by the site index structure determined by the “linking” part.
4) Indeed, for what concerns the “linking” part of the Hamiltonian, i.e. the “twisting”
operators Σ’s, we may generalize the “linking” part of Eqs. (6.7) and (7.2) by introducing
the (SL ∋ γ-dependent) “splitting and joining chain operator of order n” as
Σk1k2...kn+1 (γ) ≡ Σk1γk2Σk2γk3 ...Σkn−1γknΣknγkn+1 . (8.1.3)
5) Generally, at higher-loop orders, some (real) parameters still remain undetermined
at this step. In order to obtain a completely determined expression of the higher-loop
su(2) spin-bit Hamiltonian as output of the proposed deplanarization procedure, we may
proceed as follows.
As a reasonable conjecture, we may formulate an additional assumption, that we are
going to call hypothesis of “symmetrization of deplanarizing operator splittings” (hp.
“s.d.o.s.”). This conjecture has to be applied after the symmetrization of the non-planar
terms with respect to the peculiar renaming of spin-chain site indices given by (8.1.2); it
amounts to say that each of the sets of non-planar terms arising from a considered planar
term in the deplanarization procedure will equally contribute in the planar limit N →∞.
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For example, if, after the symmetrization with respect to (8.1.2), a planar term ℑ is
deplanarized by the 3-fold splitting
ℑ → a1ℑM1 + a2ℑM2 + a3ℑM3, (8.1.4)
where ℑM1 , ℑM2 and ℑM3 are respectively sets consisting of M1, M2 and M3 non-planar
terms made by permutation operators, then we will assume that
M1a1 = M2a2 =M3a3. (8.1.5)
Hence the contribution of ℑM1 , ℑM2 and ℑM3 to the planar limit ℑ is the same, and
therefore the operator splitting given by (8.1.4) may be considered symmetric.
As it will be seen explicitly further below at 3-loops, this additional hypothesis will
allow to fix all the free real parameters, otherwise necessarily introduced by the de-
planarizing operator lifts acting at the considered higher-loop order. Notice that the
constraints 3.i and 3.ii are implied by the hp. s.d.o.s. .
Thus, a complete Ansatz for the su(2) spin-bit Hamiltonian at the considered loop
order is obtained2 (output of the deplanarizing algorithm).
8.2 Application at 3 loops
Let us consider an explicit example of application of the described method, in order to
build a consistent Ansatz for the expression of the 3-loop su(2) spin-bit Hamiltonian. Let
us follow the previously mentioned steps:
1) we start from the known expression of H6,sc,su(2), namely the 3-loop, integrable,
perturbative deformation of the XXXs=1/2 Heisenberg su(2) spin-chain Hamiltonian
H2,sc,su(2) [26, 29, 38], given by (input of the deplanarizing algorithm for n = 3-loop
order)
H6,sc,su(2) =
= 4
∑L
k=1


15− 26Pk,k+1+
+6 (Pk,k+1Pk+1,k+2 + Pk+1,k+2Pk,k+1)+
+Pk,k+1Pk+2,k+3+
−(Pk,k+1Pk+1,k+2Pk+2,k+3+
+Pk+2,k+3Pk+1,k+2Pk,k+1)


;
(8.2.1)
2It should be noticed that here we assume that (eventually rather structurally complicated) non-
planar permutational terms, such that their planar limit is zero, do not exist; indeed, for the time being,
their existence may not be guessed by an inferring approach starting from the planar level, such as the
one adopted in this paper.
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2) we conventionally identify (without loss of generality) the spin-chain site indices in
the following way:
l ≡ k + 1, m ≡ k + 2, n ≡ k + 3; (8.2.2)
3) therefore, we have to find all possible non-planar permutational terms giving rise,
in the planar limit N →∞, to each of the permutational terms of H6,sc,su(2) given by Eq.
(8.2.1).
3.i) We have that:
3.i.a) the planar term Pk,k+1 receives three contributions from the non-planar level,
respectively from Pk,k+1 = Pkl, Pk+1,k+2 = Plm and Pk+2,k+3 = Pmn, whence the proper
“deplanarizing operator lift” of Pkγk reads (ξ1, ξ2 ∈ R)
−26Pk,k+1 → ξ1Pkl + ξ2Plm − (26 + ξ1 + ξ2)Pmn; (8.2.3)
3.i.b) the planar-level product Pk,k+1Pk+1,k+2 instead receives contribution just from
two non-planar terms, i.e. Pk,k+1Pk+1,k+2 = PklPlm and Pk+1,k+2Pk+2,k+3 = PlmPmn,
whence the proper “deplanarizing operator lift” of the term Pk,k+1Pk+1,k+2 reads (ξ3 ∈ R)
6Pk,k+1Pk+1,k+2 → ξ3PklPlm + (6− ξ3)PlmPmn; (8.2.4)
3.i.c) analogously, for the other terms of H6,sc,su(2) we obtain the following proper
“deplanarizing operator lifts” (ξ4 ∈ R):
6Pk+1,k+2Pk,k+1 → ξ4PlmPkl + (6− ξ4)PmnPlm,
Pk,k+1Pk+2,k+3 → PklPmn,
Pk,k+1Pk+1,k+2Pk+2,k+3 → PklPlmPmn,
Pk+2,k+3Pk+1,k+2Pk,k+1 → PmnPlmPkl;
(8.2.5)
3.ii) thence, we impose the symmetry of the spin part under the site index exchange
(k, l,m, n)↔ (n,m, l, k) ; (8.2.6)
the imposition of such a condition on the spin part decreases the number of free (real)
parameters from four to two, thence renamed η1 and η2;
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4) finally, we put
1
N3
Σklmn (γ) =
1
N3
ΣkγlΣlγmΣmγn (8.2.7)
as the linking variable part.
Thus, we may finally write the most general expression of the 3-loop su(2) spin-bit
Hamiltonian (η1, η2 ∈ R):
H6,su(2) (η1, η2) =
4
N3
L∑
k,l,m,n=1
(8.2.8)


15 + η1 (Pkl + Pmn)− 2 (η1 + 13)Plm+
+η2 (PklPlm + PmnPlm)+
+ (6− η2) (PlmPkl + PlmPmn)+
+PklPmn − PklPlmPmn − PmnPlmPkl


ΣkγlΣlγmΣmγn .
Formulating the hp. s.d.o.s. we get (η1, η2) =
(
−13
2
, 3
)
, and therefore we obtain
a completely fixed expression for the 3-loop su(2) spin-bit Hamiltonian (output of the
deplanarizing algorithm for n = 3-loop order):
H6,su(2) =
4
N3
L∑
k,l,m,n=1
(8.2.9)


15− 13
2
(Pkl + Plm + Pmn) +
+3 (PklPlm + PmnPlm+
+PlmPkl + PlmPmn)+
+PklPmn − PklPlmPmn − PmnPlmPkl


ΣkγlΣlγmΣmγn .
Analogous, more and more involved, expressions for the 4- and 5-loops su(2) spin-bit
Hamiltonian (with or without the additional hp. s.d.o.s.) have been obtained by applying
the d.o.l. method [35, 39].
9 Outlook and further developments
The d.o.l. method [39] is fully compatible with (independently obtained) known results
at the 1- and 2-loop, non-planar level [31, 32, 33], and it allows one to obtain explicit
formulae for the 3-, 4- and 5-loop su(2) spin-bit Hamiltonians. By construction, such
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expressions are planarly-consistent, i.e. they have the correct planar limit, matching the
known results reported in the literature (see e.g. [26, 29, 38]).
It is also worth noticing that, by construction, all the higher-loop su(2) spin-bit
Hamiltonians (for 3-loops, see Eqs. (8.2.8) and (8.2.9)) show an explicit full factorization
in the spin and chain-splitting parts; as already pointed out in [33], such a property is
expected to hold at every loop order, since the Hilbert space of the spin-bit model Hsb
is given by the direct product (modulo the action of the permutation group SL) of the
spin-chain Hilbert space Hsc and of the linking space ζL.
Attention must also be paid to the fact that, while (both at non-planar and planar
level) the 1- and 2-loop formulae for the su(2) Hamiltonians are linear in the site per-
mutation operators P ’s, the 3-, 4- and 5-loop level expressions, both at non-planar and
planar level, show a non-linearity (and non-linearizability) in P ’s. For example, the non-
linearizability of the 3-loop su(2) spin-chain Hamiltonian (8.2.1) caused the failure of the
elegant and geometrically meaningful “spin edge-differences” [35] approach to higher-loop
Ansa¨tze.
Thus, the non-linearity (and non-linearizability) in site permutation operators seems
to be a crucial and fundamental feature, starting to hold at the 3-loop order, of the spin
part of the Hamiltonian of the su(2) spin-bit model, underlying the non-planar dynamics
of the su(2) sector of the N = 4, d = 4 SYM theory. Reasonably, one would expect
that such a breakdown of “permutational linearizability” at 3 loops (for the first evi-
dences from 3-loop calculations, see e.g. [26, 29]; for further subsequent developments
see e.g. [2, 8, 40]) gives rise, by means of the AdS/CFT correspondence [3, 4], to some
“new” features in the dynamics of the (closed) superstrings in the bulk of AdS5 × S
5.
Actually, in the AdS/CFT correspondence framework, there is a problem of discrepancy
between the calculations made with fast spinning, semiclassical strings (i.e. in the so-
called Frolov-Tseytlin limit) and the calculations made in the thermodynamical limit
of long spin-chains with a large number of excitations (i.e. the so-called Berenstein-
Maldacena-Nastase limit) (see e.g. [38] and Refs. therein). Such a disagreement starts
to hold at 3 loops, and it is one of the most intriguing “mysteries” of the AdS/CFT
conjecture. Recently, an explanation for such 3- and higher-loop disagreement has been
proposed: it should be related to an “order-of-limit” non-commutation problem in the
perturbative expansions and thermodynamical asymptotical regimes or, equivalently, to
the presence of operational “wrapping” interactions (see e.g. [38, 41]). Conjecturally, we
may here put forward the suggestion that the breakdown of “permutational linearizabil-
ity” of su(2) spin-chain/spin-bit Hamiltonians, which starts to hold at 3 loops, could be
related to such a “3-loop discrepancy mystery” in AdS/CFT, and possibly it could be
extended also to larger symmetries inside psu(2, 2|4).
Also, the application of the d.o.l. method, originally introduced for the Hamiltonian,
to the higher-order charges of the su(2) spin-chain model [39] raises some interesting and
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intriguing questions, such as:
1) the d.o.l. appears to be consistent only for odd higher-order charges, sharing
the symmetry properties of the Hamiltonian. Thus, the extension of the deplanarization
procedure to even higher-order charges, and in general to antisymmetric operators, should
be needed, in order to have a complete deplanarizing algorithm for the local operators in
N = 4, d = 4 SYM theory;
2) we know that the spectrum of the (perturbatively expanded) Hamiltonian of the
spin-chain/spin-bit model is related to the spectrum of the (perturbatively expanded)
anomalous dimensions and mixing of local operators on the N = 4, d = 4 SU(N) SYM
gauge theory side of AdS/CFT. Then a natural question [29] to ask is: do the spectra of
the higher-order planar charges (and of their deplanarized counterparts) have a physical
meaning in N = 4 SYM ?
The deep question is evidently: why does exact integrability seem to hold for every
loop-order in the planar N = 4, d = 4 SYM [25, 38, 43, 42], and why and how is it lost
at the non-planar level?
By the way, even if the exact (classical) integrability is lost when deplanarizing, i.e.
when passing from the (all-loop) su(2) Heisenberg spin-chain to the (all-loop) su(2) spin-
bit model, nevertheless we may put forward the following intriguing suggestion: could
the su(2) spin-bit model still be an integrable model, but in a sort of generalized, broader
sense, e.g. in the sense of quasi-integrability and quasi-exact solvability (see e.g. [44]) or
quantum-integrability (see e.g. [45])?
If yes, then in general the deplanarization procedure here presented might algebraically
correspond to some kind of “deformation” of the (dynamical) symmetries of the system
being considered, and thence of the structure and properties of its (eventually conserved)
charges.
In our opinion, this is an interesting problem, strictly related to the consistent defi-
nition of the higher-order charges of the spin-bits as the deplanarization of the infinitely
many conserved charges of the spin-chains, and it is currently under study.
Moreover, we notice that it would be interesting, following recent research directions,
to extend the considered deplanarizing method to other operatorial sectors of the N =
4, d = 4 SYM theory [46]. Indeed, sectors with non-compact symmetries have been shown
to be relevant, in order to describe the renormalization in the large Nc (non-)SUSY QCD,
also in relation with the attempts to construct a string description of QCD (see e.g. [47]
and Refs. therein).
Finally, some possible additional directions for further research are briefly summarized
as follows:
- All the spin-chain/spin-bit models treated so far are characterized by periodic bound-
ary conditions, corresponding to closed chains. The possibility to modify the boundary
conditions yields open spin-chain models, corresponding to a dynamical discretization of
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the open strings [48]. The issue of deplanarizability, and the related problem of integra-
bility, of such models remains to be discussed.
- In general, the spin-bits may be considered as a dynamical polymer model with
decaying and fusing chains; potential applications to relativity theory [49], field theory
[50] and biophysics could be addressed.
- Interesting analogies could be explored with the spin-network approach to discrete
quantum gravity [51].
- The above mentioned non-planar permutational identities could be linked to the
random graph theory on a lattice [35].
- The spin representation of the permutation operators in the su(2) sector leads to
some “generalized” Fierz identities for Pauli σ matrices [35], deserving a more detailed
analysis.
- An alternative approach to the calculation of anomalous dimensions inN = 4 SYM is
based on matrix models [12], which can be also formulated in terms of a non-commutative
field theory on a torus [13, 52], and whose equivalence with spin-chain/spin-bit models in
the N →∞ (planar) and N → 0+ limits is still under study. An interesting direction of
research to be pursued would be the formulation of such matrix models on other “fuzzy”
manifolds, such as the “fuzzy sphere” [53], and the study of the relation of such non-
toroidal “fuzzy” matrix models with the initial non-commutative torus representation.
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